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Abstract 

We show that all IIB backgrounds with strictly 28 supersymmetries are lo- 
cally isometric to the plane wave solution of arXiv:hep-th/0206195. Moreover, 
we demonstrate that all solutions with more than 26 supersymmetries and only 
5-form flux are maximally super symmetric. The N=28 plane wave solution is a 
superposition of the maximally super symmetric IIB plane wave with a heterotic 
string solution. We investigate the propagation of strings in this background, find 
the spectrum and give the string light-cone Hamiltonian. 



1 Introduction 



The geometry of backgrounds with a near maximal number of supersymmetries is strongly 
constrained. The maximally supersymmetric IIB backgrounds have been classified in [1] 
and they have been found to be locally isometric to Minkowski space, AdS 5 x S* 5 [2] 
and the maximally supersymmetric plane wave [3]. It has also been shown that IIB 
backgrounds with more than 28 supersymmetries, N > 28, are maximally supersym- 
metric [4, 5], and that IIB backgrounds with more than 24 supersymmetries are locally 
homogeneous [6] . The latter implies in particular that the 1-form field strength vanishes, 
P = 0. It is also known that there is a plane wave solution in IIB supergravity with 
non-vanishing 3- and 5-form field strengths which preserves 28 supersymmetries found 
by Bena and Roiban in [7], see also [8]. So there are IIB backgrounds with strictly 28 
supersymmetries which are not locally isometric to the maximally supersymmetric ones. 

The main result of this paper is to show that all IIB supergravity backgrounds with 
strictly 28 supersymmetries are locally isometric to the plane wave in [7]. This will be 
achieved using the spinorial geometry method of solving Killing spinor equations (KSEs) 
[9] as adapted to IIB supergravity in [10, 11, 12] and to near maximally supersymmetric 
backgrounds in [4]. In particular, the gauge symmetry of IIB supergravity will be used to 
find the canonical form of the normals to the 28 Killing spinors of the background. Then 
the integrability condition of the gravitino KSE will be solved to reveal that the only 
solution is that of [7]. The proof is completed by showing that there are no N=28 IIB 
backgrounds which can arise as discrete quotients of the maximally supersymmetric ones. 
This establishes the uniqueness of [7], up to discrete identifications, as a IIB solution 
which preserves strictly 28 supersymmetries. 

Another consequence of our analysis is that all iV > 26 IIB backgrounds with only 
5-form flux are maximally supersymmetric. This follows from the observation that if 
G = 0, the N = 28 backgrounds are maximally supersymmetric, and from the property 
that backgrounds with only 5-form flux preserve an even number of supersymmetries. 

The main observation that allows our analysis to be carried out is that the Killing 
spinors of N = 28 backgrounds can be expressed in terms of a basis (r) a , ii] a ), where (r] a ) 
are 14 linearly independent spinors over the complex numbers. The algebraic KSE can 
be easily solved by expressing the 3-form flux G in terms of the normals to the Killing 
spinors. Then the local part of the proof which involves the solution of the integrability 
conditions of the gravitino KSE is separated into three different cases labeled by the 
isotropy group of one of the normal spinors. These isotropy groups are SU(A) k R 8 , 
Spin(7) k R 8 and G 2 - In both the SU(A) k R 8 and G 2 cases, all backgrounds that admit 
iV = 28 supersymmetry are locally maximally supersymmetric, and so they do not give 
new solutions. The solution of [7] arises in the Spin(7) x R 8 case. 

The solution of [7] can be interpreted as a superposition of the IIB maximally su- 
persymmetric plane wave [3] with the solution of the heterotic string, see [7] and also 
[13], which preserves 14 supersymmetries. The latter can be "embedded" into IIB su- 
pergravity and in such a case preserves 28 supersymmetries. Using this interpretation, 
we investigate the propagation of strings on this background. We find that the light- 
cone Hamiltonian is the sum of harmonic oscillators and compute their frequencies. We 
find that all directions of the center of mass mode of the string exhibit the same fre- 
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quency while the different directions of each oscillating mode exhibit two characteristic 
frequencies. 

This paper is organized as follows. In section 2, we give the normals to the Killing 
spinors and solve the algebraic KSE. In section 3, we state the integrability conditions 
of the KSEs. In sections 4, 5 and 6, we solve the integrability conditions of the gravitino 
KSE in the SU(A) tx R 8 , Spin(7) X R 8 and G 2 cases, respectively. In section 7, we 
investigate the discrete quotients of maximally supersymmetric backgrounds. In section 
8, we solve string theory on the N = 28 plane wave background, and in section 9 present 
our conclusions. In appendix A, we choose the normals to the Killing spinors up to 
gauge transformations. In appendix B, we summarize the integrability condition of the 
gravitino KSE, and in appendix C we present a part of the analysis for the Spin(7) ix R 8 
case. 



2 The Algebraic Killing Spinor Equation 

2.1 Normal spinors 

The main task here is to identify the four normals to the Killing spinors of N = 28 
backgrounds. In particular, we shall show that the normals are two spinors which are 
linearly independent over the complex numbers. This in turn will imply that the Killing 
spinors can be expressed in terms of a basis (r] a ,ir] a ), where r\ a are 14 spinors linearly 
independent over the complex numbers. 

For this consider the algebraic KSE of IIB supergravity [2, 14, 15] 

Ae = p A T A Ce* + ±G ABC T ABC e = , (2.1) 

where P and G are the 1-form and 3-form field strengths, respectively, and A,B,C are 
spacetime frame indices. Since all IIB backgrounds with more that 24 supersymmetries 
are homogeneous, the scalars are constant and P = 0. Therefore the algebraic KSE 
reduces to 

G ABC T ABC e = . (2.2) 

It is clear now that A is linear over the complex numbers, ie if e is a solution so is ie. 

To continue suppose both algebraic and gravitino KSEs of a background admit 28 
supersymmetries and let ei, . . . , e 2 s be the Killing spinors. It is required that €i, ... ,62s 
are linearly independent over the real numbers. Since the algebraic KSE is linear over the 
complex numbers, ie±, . . . , ie 28 are also solutions of the algebraic equation. If one of these 
additional solutions is linearly independent from ei, . . . ,e 28 , over the reals, the dilatino 
KSE will admit more than 28 solutions. In such a case, we know that the only solution 
is G = [5]. So there are two possibilities to consider for backgrounds that preserve 28 
supersymmetries. Either the algebraic KSE admits a basis of 14 linearly independent 
solutions, {i] a }, over the complex numbers, and so Killing spinors can be written as 

14 14 

e r = J2fr a Va + J2fr a iVa, T = 1, . . . , 28 , (2.3) 

(2=1 (2=1 
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where (/, /) is an invertible real 28 x 28 matrix of spacetime functions, or G = 0. In the 
G = case, the gravitino KSE also becomes linear over the complex numbers and so the 
Killing spinors are in pairs (e a ,ie a ). So the 28-plane of Killing spinors in both cases is 
complex. Therefore, the Killing spinors are normal to two spinors V\ and v 2 which are 
linearly independent over the complex numbers. We shall use the gauge symmetry of IIB 
supergravity to find canonical forms for v\ and v 2 and so simplify the choice of the basis 
(r] a ) of the Killing spinors. 

2.2 Solution to the algebraic KSE 

Assuming that G ^ 0, the solution to the algebraic KSE can be expressed in terms of 
the normals to the Killing spinors. Before we proceed to show this, we take the Killing 
spinors to be in the positive chirality Weyl representation, Aj~ 6 , of Spin(9, 1). In such 
a case, the normals to the Killing spinors, with respect to the Majorana inner product 1 
B, lie in the anti-chiral representation A^ 6 , [4]. 

To proceed, note that there is an isomorphism A 3 (M 9 ' 1 <g> C) = A 2 (M 16 ® C) between 
the complexified 3-forms on M 9 ' 1 and the complexified 2-forms on E 16 . In particular, 
identify M 16 <g> C = Ai 6 and write 

GaiA 2 a 3 = B{6\ T AlA2Az 6 j ) , (2.4) 

where 9 i is a basis in A 16 . Note that B(6\V^6 j ) = -B(6\V^6 i ). 
Next we have the identity 

^5(0!, T Al W 2 )r AlA2A3 03 = 85(0 2 , 3 )01 - 85(0!, 3 )02 , (2.5) 

where 0i, 02 G A^ 6 and 03 G A^ 6 . Applying this to the algebraic KSE, we have 

^G AlA2A3 T AM *n a = SXijBft, VaW . (2.6) 

Choosing 9 a = Br]* a) a = 1, . . . , 14, 6> 15 = v x and 6> 16 = u 2 , we have that the above 
equation vanishes iff 

A„ fe = 0, Ai 5) a = Ai 6 , a = a,b = 1,...,14 . (2.7) 

It follows that the solution of the algebraic KSE is 

G AiA2 a a = AB^i.r^A^) (2.8) 

for A a complex function. Since in the spinorial geometry approach the normal spinors 
are determined up to gauge transformations, (2.8) can be used to compute G. If G ^ 0, 
then after rescaling one of the normal spinors we can set A = 1. For future use observe 
that 

^a 1 Ga 2 a 3 A4 — Biy Al ui,Y A2AzAi v 2 ) + B(u 1: r A2AsA4 V Al i/ 2 ) , (2.9) 

where V is the frame Levi-Civita connection. We shall show that for all N = 28 back- 
grounds, G is parallel. 

1 We use the spinor conventions of [10]. In particular, B(6,Q = (B6*,Q, where (•,•) is a Hermitian 
inner product and B = r 6789- 
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3 Integrability Conditions 

To make further progress, we shall investigate the integrability conditions of the KSEs 
i 1 

V M e = Vm£ + ^r Ari '" Ar4 -^7Vi...Af 4 M e — gg (X M NlN2N3 G N-^NiNz ~ 9T NlN2 G m N!N 2 )C e* = , 

Ae = G MlM2Ma T M ^ M ^ = , (3.1) 

where we have set P = as we have already explained. Since the matrix (/, /) in (2.3) 
is invertible, the integrability conditions on the Killing spinors can be evaluated on the 
basis (r) a ,ir) a ). Because of the complex nature of this basis, as we shall demonstrate, the 
integrability conditions factorize. 

First, we take the V-derivative of the algebraic KSE and then substitute for Ve using 
the gravitino KSE to find 

(\7 r -pNxNiNz V jp L r N 1 N 2 N 3 N4N 5 , - r jp N±N 2 N 3 pIA, 

\v M^NxNiNz*- — -^ ( ^N 1 N 2 L- t ' M N 3 N 4 N 5 S - + N 1 N 2 N 3 - t M L 1 J e 

_ 96 ^ M ^ ' N i N 2N 3 ^ NlN2N3 )(G ' N 4 N 5 N 6 T N4N5Nb ) + 6GAfL 1 L 2 r LlL2 (GAr 1 Ar 2 7V 3 r 7VlAr2Ar3 ) 

+lUG NlN2L G N3 M L T NlN2N3 ]Ce* = . 

(3.2) 

Evaluating this condition on the Killing spinor (2.3) basis (r) a ,ir) a ), observe that it 
factorizes as 

(\7 H r N 1 N 2 N 3 1 (~i jp L r N 1 N 2 N 3 N 4 ,N 5 

( \ \/< ' V .V.. \ ,l — ^' ' V N 2 L I \l N 3 N 4 N 5 >- 

+tG NlN2N3 F M N ^ N3 L T L ) Va = , (3.3) 

and 

[J- M{ < ^N 1 N 2 N 3 ^ ){tTN 4 N 5 N 6 L )+'0 ( ^ML 1 L 2 ^ lv NiN 2 N 3 L ) 

+ lUG NlN2L G NaM L T N ^]Cr ] * a = , 



(3.4) 



for a = 1, ... , 14. 

In addition, the gravitino KSE integrability condition, 



[V N , V M ]e = TZ NM e = 2Se - 2TCe* , (3.5) 

implies that 

SVa = , (3.6) 

and 

TCrf a = , (3.7) 

where S and T are given in [16] and the special case P = that applies here is stated 
in appendix B for convenience. 
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In what follows, we shall investigate the above integrability conditions for the various 
choices of Killing spinors which are specified by choosing their normals up to gauge 
transformations. It is convenient to label the various cases with the isotropy group of 
the first normal in the Spin(9, 1) gauge group. 

4 SU(4) x r 8 

4.1 Normal spinors 

A representative for the first 577(4) k M 8 -invariant normal [4, 5] is 

v\ = -pe 5 - gei2345 , (4.1) 

where p, q are complex functions with \p\ ^ \q\. Observe that if \p\ = \q\, then v\ is 
Spin(7) ix R 8 -invariant and this case will be examined separately. To choose the second 
normal v 2 in the 577(4) KlR 8 case, one has to decompose A^ 6 under SU (4) ixM 8 and choose 
representatives for the various orbits, see appendix A. As is mentioned in appendix A 
the choice of the second normal can be simplified by assuming that the 1-form bilinear of 
any linear combination of z/ x and v 2 is null. This is because if a direction in the (ui, u 2 )- 
plane is associated with a time-like 1-form bilinear, then the corresponding solutions are 
special cases of G 2 backgrounds we shall analyze in section 6. 

To summarize the detailed analysis in appendix A, there are three choices for the 
normals. These are 

v\ = -pe 5 - gei2345, v 2 = -ye 12U5 ~ u 1 e 1 - we 2U , (4.2) 

with wp + u 1 ^ = and p, w,q, u l ^ 0, where w is the complex conjugate of w and 
similarly for the other functions, or 

v\ = e 5 , V2 = c e 1 (c ^ 0) , (4.3) 

or 

v\ = -pe 5 - qe 12U5 , v 2 = -xe 5 - ye 12345 - c x e x ^ - c 2 e 235 . (4.4) 

4.2 Solutions with G ^ 

Here we shall solve the integrability conditions for all the three choices of normals. 
4.2.1 v x = pe 5 - qe 12U5 , v 2 = -ye 12U5 - u 1 e 1 - we 234 

This choice of normal leads to a basis (r) a ) in the space of Killing spinors which includes 
the spinors 

{^1235, Ci245, ^25, 635, 645, ei3, e23, e24, 634, 61345} • (4.5) 

Substituting each of these spinors in the integrability condition (3.4) and assuming that 
G 0, one finds that w — 0. This is a contradiction because for this choice of normals 
w^O. Hence, there are no solutions unless G = which will be considered separately. 
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4.2.2 v\ = e 5 , v 2 = ce 1 

For this choice of normals, (3.4) is automatically satisfied. To proceed further, consider 
applying (3.3) and (3.7) to the spinors orthogonal to v\ = e 5 , v 2 = ct\. These integrability 
conditions imply 

F = . (4.6) 

On the other hand using (2.8), the 3-form G can be written as 

G = c(- e 2 Ae 3 Ae 4 + e 2 Ae 8 Ae 9 - e 3 Ae 7 Ae 9 + e 4 Ae 7 Ae 8 

- ie 2 A e 3 A e 9 + ie 2 A e 4 A e 8 - ie 3 A e 4 A e 7 + ie 7 A e 8 A e 9 ) , (4.7) 

and so 

G A G* = 8i\c\ 2 e 2 A e 3 A e 4 A e 7 A e 8 A e 9 (4.8) 

which does not vanish for c 7^ 0. Since F = 0, these data are incompatible with the 
Bianchi identity of F for which dF is proportional to (4.8). Hence, there are no solutions 
unless G = which will be considered separately. 

4.2.3 vi = -pe 5 - qe 12345 , ^2 = ~xe 5 - ye 12U 5 ~ Ciei 45 - c 2 e 2 3 5 

There are a number of cases to consider. First, if c\ = c 2 = and insisting that v 1 
and v-i are linearly independent, then a basis in the z/ 2 )-plane can be chosen such 
that the first normal spinor is Spin(7) x M 8 invariant. Therefore this is a special case of 
backgrounds with a Spin(7) k R 8 -invariant normal which will be examined separately. 

Second, if one of c\ or c 2 does not vanish, without loss of generality, one can take 
Ci 7^ 0. By applying a SU (4) transformation, we can take ^ to be a real function. In 
such basis (r) a ) in the space of Killing spinors can be chosen to include the 13 

spinors 

{eis, e 2 5, 635, 645, ei 2 , ei3, e 2 4, 634, ei 2 35, ei 2 45, 64345, e 2 345, — e 2 3 — ei 4 } . (4.9) 

Substituting this into (3.4), we find the relations 

M(c 2 -c 2 ) = 0, q(yp-xq)(c 2 2 - c\) = 0, p(yp - xq)(c 2 2 - c\) = . (4.10) 
The solution of the above relations leads to three further sub-cases: 

(i) c 2 7^ ±Ci, p = x = and g 7^ 0, which gives 

v\ = ei 2345 , v 2 = -Ciei4 5 - c 2 e 235 (4.11) 

(ii) c 2 7^ ±Ci, q = y = and p 7^ 0, which gives 

^1 = e 5 , i/ 2 = -Ciei45 - c 2 e 235 (4.12) 
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(iii) c 2 = ±ci. After a SU(A) transformation to set c\ = c 2 and then re-scaling of z/ 2 , 
one finds 

v x = -pe 5 - gei2345, ^2 = ~^e 5 - 2/ei 2345 - ei 45 - e 235 (4.13) 

Further simplification of the above three cases is possible by applying (3.4) to the 
14-th basis element 

(py-qx) 

i] u =pl- qei2u H e 23 (4.14) 

Cl 

in the space of Killing spinors. 

In particular, for the c 2 = C\ = 1 case, one obtains 

(N 2 - k| 2 )(2|p| 2 + 2|g| 2 + \yp - xq\ 2 ) = . (4.15) 

Therefore, \p\ = \q\, and thus this solution is a special case of those for which v 1 is 
Spin(7) k R 8 invariant. 

For the other two cases for which c\ 7^ ±c 2 , (3.4) evaluated on 7714 implies that 
c 2 = 0. By using the gauge transformation ( ri2+r34 ) (with real basis indices), together 
with appropriately chosen S , t/(4) gauge transformations, one can simplify the normals 
as 

v\ = e 5 , i/ 2 = ce 345 • (4.16) 

To summarize so far, after solving (3.4), the only choice of normals allowed provided one 
of them is S77(4) k M 8 -invariant is given in (4.16). 

Next let us turn to investigate the remaining integrability conditions for the Killing 
spinors normal to (4.16). To proceed, we use (2.8) to write G as 

G = V2ce + A (e 1 A e 2 — e 6 A e 7 + ie 1 A e 7 - ie 2 A e 6 ) . (4.17) 

A basis (r) a ) for the Killing spinors normal to (4.16) is 

{1, ei5, e 25 , e 35 , e 45 , ei 3 , ei 4 , e 23 , e 24 , e 34 , ei 235 , ei 245 , ei 345 , e 2345 } . (4-18) 

Then (3.3) and (3.7) imply that 

F = 0, VG = 0, (4.19) 

ie G is parallel with respect to the Levi-Civita connection. 

It remains to solve the integrability condition Si] a = 0. Since G is null (4.17), the 
terms G-quadratic terms in S can be simplified to write 

&NM — gttNM,L 1 L 2 L 32^ ~ 8 ^- r L 1 L 2 Q ~ ^2 WM LlL ' 2 ® 

~ ^r^ 1 ^ 2i3 ^' 4 G'7VMLiG ! 2 2 i 3 i 4 + ^r[Af| ili2 ^ 3 G|M]Li < ^G2 2 i 3 g) . (4.20) 

To proceed, if M = M, N = N, where M, N take all values except for "+", and if 
N = +, M = — , then we obtain 

Rnm M lJ LiL2 ^ = , R + -, LlL2 r L ^r] a = . (4.21) 



On applying C* to both these conditions, we find that 

Rnm, Li lJ LiL2 V = 0, R + -, LlL2 r L ^r] = (4.22) 

for all Majorana-Weyl spinors 77, which in turn implies that the associated Riemann 
curvature components vanish. Hence the only non-vanishing components of the Riemann 
tensor are R+i+j for i, j = 1, 2, 3, 4, 6, 7, 8, 9. 

To continue, it is convenient to rewrite the remaining S integrability conditions as 

[\{T 2 MN ) LlL2 Y L ^ + ^(K N ) Ll L 2 L 3 L 4 r L ^ L ^)rj a = , (4.23) 

where 

1 15 

( t mn)l!L 2 = Rnmml 2 - t^ g nm Q G* LiL2 q - ^G* nm q G LiL2 q , (4.24) 

and 

13 3 

(4-25) 

It is straightforward to show that the only non-vanishing components of T 2 and T 4 are 
(T^_ i ) + j, (T^ i ) +qiq2q3 . Using this, the integrability condition Sr] a = is equivalent to 

((T 2 ,) + ,F + \{T A +i ) +hj2h P^) Xa = (4.26) 

for Xa £ {es, ei35, ei45, 6235, 6245, 6345}. In order to analyse the conditions imposed by 
these integrability conditons we have used a computer assisted computation (CAC) 2 . 
One finds that c = 0, however this is a contradiction, since we have assumed G^O. In 
conclusion, in all cases, we deduce that we should take G = 0. 

4.3 Solutions with G = 

To investigate the solutions with G = 0, we write the gravitino integrability condition as 

SVa = (l(T 2 MN ) Nl N 2 r N ^ + ^(^) WlJ v 2W r WlN2JV3W4 )% = (4.27) 
where now 

(T 2 \ _ Id 1 tp Q1Q2Q3 TP. 

( t mn)pi-P4 = %D[ M F N ] Pl ...p 4 + |i 7 MVQ 1 Q 2 [p 1 -^p 2 p 3 f , 4] QlQ2 • (4.28) 
The field equations and Bianchi identities imply that 

(^mat)piP 2 — (Tp iP2 )mn , (Tm[ Pi )p 2 p 3 ] = (Tm N )p N = , 
(T[PiP 2 ) P3P4P5P6} = (Tmn)piP2P 3 N — , (T A p 1 (m)n)p 2 p 3 P4 = (TVi|(m)ao|p 2 p 3 P4] > 



2 We can provide more information on request. 
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( T M[P 1 )p 2 P: i P4P5] - --^ e PiP2P3P4Pr, QlQ2Q3Q4Q5 ( T M[Q 1 )Q 2 Q3Q4Q5] ■ (4-29) 

In the 577(4) xM 8 case, there are two choices of normal spinors that we should consider 
up to Spin(9, 1) transformations. First consider the case in which the two normals can 
be chosen as 

v\ = -pe 5 - gei2345, v 2 = -ye 12345 - u l e x - u 2 e 2 - we 234 - c 3 e 235 , -c 4 e 34 5 , (4.30) 

and |m 1 | 2 + |m 2 | 2 7^ 0. This case can be further separated, as in the analysis of the previous 
section, into two different sub-cases using the additional condition that the associated 
1-form bi-linears of all directions in the (z/i, z/ 2 )-plane are null, see appendix A. However, 
there is no advantage to do this here and so we shall treat both sub-cases together. The 
basis (r] a ) of Killing spinors normal to (vi, u 2 ) in (4.30) includes the spinors 

{ems, ems, e 2 5, e 3 5, e 45 , e 13 , e 23 , e 24 , e 34 , we 1345 + u 2 e 15 , we 2345 - u l e Vj } . (4.31) 

Substituting these 11 spinors into (4.27) and making use of (4.29), one obtains T 2 = 
T 4 = 0, so these solutions are locally maximally supersymmetric. Here and in two 
similar cases below, we have again used CAC. 
Next, consider the case for which 

vi = -pe 5 - gei2345, v 2 = -xe 5 - ye 12M5 - ciei 45 - c 2 e 23 5 • (4.32) 

To proceed further, it is convenient to in addition assume that |ci| 2 + |c 2 | 2 ^ 0. In such 
a case, the basis (r) a ) of Killing spinors includes 

{ei5, e 2 5, e 3 5, e 4 5, e± 2 , e\ 3) e 24 , e 34 , ei 23 5, ei 24 5, ei 34 5, e 234 5, c 2 e 23 — ciei 4 } . (4.33) 

Substituting these 13 spinors in (4.27) and using (4.29), one finds T 2 = T 4 = 0. Again, 
these solutions are locally maximally supersymmetric. It remains to consider the case 
for which c\ = c 2 = in (4.32). Then a basis in the space of Killing spinors is 

(Va) — { e i5, e 2 5, e 3 5, e 4 5, e± 2 , ei 3 , e 24 , e 34 , ei 23 5, ei 24 5, ei 34 5, e 234 5, e 23 , ei 4 } . (4.34) 

Substituting this basis into (4.27) and using (4.29), one finds that T 2 = T 4 = 0. So the 
solutions are again locally maximally supersymmetric. 

To summarize, if one of the two normal spinors of backgrounds preserving N = 28 
supersymmetries is S77(4) K M 8 -invariant, then they are locally maximally supersym- 
metric. Later we shall show that there are no quotients of maximally supersymmetric 
backgrounds preserving 28 supersymmetries. As a consequence, all such N = 28 super- 
symmetric backgrounds are maximally supersymmetric. 

5 Spin(7) K M 8 -invariant normal 
5.1 Solutions with G ^ 

It is explained in appendix A that the two normal spinors can be chosen as 

v\ = e 5 + ei 2345 , z/ 2 = c(e 5 - ei 2345 ), (c ^ 0) . (5.1) 
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Using this and (2.8), one finds that 

G = 2y/2ice + Au , to = e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 . (5.2) 
To proceed, a basis in the space of Killing spinors normal to u 2 ) given in (5.1) is 

(Va) — { e 15; e 25; e 35; e 45; e 1235; ^1245, 61345, e 23 4 5 , e\ 2 , 613, e^, e 2 3, e 24 , e 34 } . (5.3) 

Substituting this into the integrability conditions (3.3) and (3.7) and after some CAC, 
one finds that 

V(ce + ) = 0, VG = 0, F = /e + AwA*, (5.4) 

where f — \c\ and \& is a (1,1)- and w-traceless form in the directions 12346789 transverse 
to the light-cone, ie 

VuwWj = , = • (5.5) 

Thus ce + and G are V -parallel In particular, as (Re c)e + and (Im c)e + are both co- 
variantly constant, this implies that there exists a constant angle <fi such that c = fe 1 ^. 
Hence, the spacetime admits a covariantly constant real 1-form V = fe + . Thus, the 
spacetime geometry is that of a pp-wave. 

It remains to evaluate the last integrability condition Sr] a = 0, (3.6), on the basis 
(5.3) of the Killing spinors. The expression for S can be considerably simplified by 
making use of the special form for F and G which we have obtained in (5.4) and (5.2), 
respectively. In particular, one can write 

Sva = {\Rnm M l^ LiL2 - ^T L ^ L ^D [N F M]LlL2L3U - ^f L ^F [N]Ll ^^F ]M]L2QlQ2Q 

+ ^ T L lL2 L 3 L 4FNML Q lQ2FL2L:iLiQiQ2 _ Lr L ^G NM L *G* LiL2L3 ) Va = 

Next observe that the 14-plane spanned by the basis (5.3) of the Killing spinors is 
invariant under the reality operation C*, ie C * {i] a } = {i] a }. Moreover, using that 
G = ife^H, where H is a real 3-form, which in turn implies that the G-quadratic terms 
in S are real, one finds that Si] a = factorizes as 

r LlL2L3L *D [N F miLaL3U ri a = , (5.7) 

and 

(11 1 
(-RnmmL'2 - -^Gnm Q G* LiL2 q - -F[ N \ Ll QlQ2Q3 F\ m]L2Qi q 2 q^Y LiL2 

+^iW 1 QlQ2 iW 4 Q 1 Q 2 r LlL2L3L4 V = . (5.8) 
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Let us first focus on (5.8). Setting N = N and M = M, where N and M take all 
values apart from "+", and N = + and M — — , and using the fact that both F and G 
are null, one finds that 

RNMMLS^Va = R + - M L 2 r L ^ Va = . (5.9) 

Since the isotropy group of 14 linearly independent spinors in Spin(9,l) is {1}, one 
concludes that 

R nmml 2 = R +-ML 2 = , (5.10) 

and so the only non- vanishing components of the Riemann tensor are R + i i+ j. 
To proceed further, it is useful to define 

(Tnm)^^ = RNMML 2 - ^ G NM Q G* LlL2Q - -F[ N \ Ll QlQ2Qs F\ M ] L2 Q lQ2 Q 3 , 

(Tnm)liL 2 l 3 l 4 = 2F NM [l 1 QiQ2 Fl 2 l 3 l 4 }QiQ 2 ■ (5-H) 
In which case, (5.8) can be rewritten as 

{\(T 2 NM )L lL2 T L ^ + ^(n^L^LsLj^^ha = • (5.12) 

As the only nonzero components of T 2 and T 4 are (T^J+j and (T^)^^, respectively, 
the only non-identically vanishing components of the above equation are 

{{T 2 +l ) + p + i(T^ +W3 r^)r„ % = o , (5.13) 

or equivalently 

{{T 2 +i ) + F + ^) +W3 r W3 )Xa = , (5.14) 

where Xa £ {ei25, ei 35 , e U5 , e 235 , e 2 45, e 345 }. It is straightforward to analyse these condi- 
tions, and one finds that 

T 2 = T 4 = . (5.15) 
In particular, T 4 = implies that 

^ a v ^ v p + \s a ^ v9 ^ v9 = 0, (5.16) 

where the holomorphic indices a,(3,v,fi = 1,2,3,4 are taken with respect to uj. The 
condition T 2 = expresses the Riemann tensor of the spacetime in terms of the fluxes 
and we shall return to it later. 

It remains to solve the integrability condition (5.7). This is done in appendix C to 
find that 

VF = (5.17) 
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ie F is also covariantly constant. 

Returning to the condition T 2 = 0, since both F and G are covariantly constant, one 
concludes that 

VR = (5.18) 

ie the spacetime is a Lorentzian symmetric space. These have been classified in [17]. 
Since in addition the spacetime admits a V-parallel null vector field and the only non- 
vanishing components of the curvature are 

R +h+3 = {2f+ l -fm kl m k % ] , (5.19) 

the spacetime is a plane wave or equivalently a Cahen-Wallach space. The above com- 
ponents of the Riemann tensor determine the wave profile. 

To find the background explicitly since the fluxes and the Riemann curvature are 
covariantly constant, one can follow the analysis of [1] for the maximally supersymmetric 
plane wave. In particular, one can determine the fluxes at the origin of the symmetric 
space. Then they can be defined everywhere on spacetime by acting with the transitive 
group. Indeed, the expression for the spacetime geometry can be simplified somewhat 
by solving (5.16). Since \1/ is (1,1) and w-traceless, it lies up to a S77(4)-transformation 
on the maximal torus of su(4). Using this and (5.16), one finds that, without loss of 
generality, \& can be written as 

= -^e 1 A e 6 + e 2 A e 7 — e 3 A e 8 — e 4 A e 9 ) , (5.20) 

where h is a real constant. Adapting coordinates to the null vector field fe + = dv and 
putting the plane wave in Brinkman coordinates, the solution can be written as 

ds 2 = 2dv[du - (£ 2 + 2h 2 )S ij x l x :> 'dv] + S ij dx t dx j 
G = -2\[2i£ e**dv A (dx 1 A dx 6 + dx 2 A dx 7 + dx 3 A dx 8 + dx A A dx 9 ) , 
F = 2hdv A (dx 1 A dx 2 A dx 6 A dx 7 - dx 3 A cfe 4 A dx 8 A dx 9 ) , (5.21) 

where we have re-instated a constant parameter £ using a coordinate transformation 
v , u — >■ £u and redefining the parameter as h — > £h. In the form given in (5.21) 

the solution depends on two parameters (£, h) though one of them can be removed using 
a coordinate transformation provided that £, h 7^ 0. However, the form given in (5.21) 
allows us to also consider the limits in which these parameters vanish. If either h = 
or £ = 0, the solution corresponds to either the heterotic solution of [13], G real, which 
preserves 14 supersymmetries or to the maximally supersymmetric plane wave solution 
of [3] respectively. If both F and G are non-vanishing, the solution preserves strictly 28 
supersymmetries in IIB and it has been found in [7]. 

5.2 Solutions with G = 

These backgrounds are a special case of the 577(4) tx M 8 solutions with G = investigated 
in the previous section. So they are all locally maximally supersymmetric. 
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6 G<r invariant normal 

For solutions with a (7 2 -invariant normal vi, we take, without loss of generality, 

v\ = e 5 + ei2345 ± i(ei + e 234 ) • (6.1) 
In particular, v\ is invariant under G 2 transformations generated by 

R p (T lp - T Ip + ^e/^T^ 2 ) + B?(r Ip - T lp + \e™T qiq2 ) , L™F pq , (6.2) 

written in a manifestly S77(3) C G 2 covariant notation as in [10, 11, 12], where L is 
traceless L p p = and p,q = 2, 3, 4. Therefore, L generates 577(3) transformations in the 
2, 3, 4 directions. 

To choose the second normal u 2 , consider the most general spinor linearly independent 
from vi, 

I i 

v 2 = -x(e 5 - ei2345) - u a e a - -v aP e a ^ - -w^^^e^^ , (6.3) 

where a — 1, 2, 3, 4 and similarly for the rest of the indices. 

By applying a SU(3) transformation in the directions 2,3,4 we can, without loss of 
generality, set u>3 = u>4 = 0, and then apply a SU (2) transformation in the 3, 4 directions 
to set u 4 = 0. Hence, we can choose 

v 2 = -x(e 5 - 612345) - u 1 e 1 - u 2 e 2 - u 3 e 3 - v 12 e 125 - v 13 e 135 - v u e U5 

- v 23 e 235 - v 24 e 245 - v u e U5 - Wie 2M + w 2 ei U . (6.4) 

6.1 Solutions with G ^ 

Given v\ and u 2 , we can compute G using (2.8). Then observe that the basis (r) a ) in the 
space of Killing spinors includes 

{e35,e 4 5,ei235} • (6.5) 

Evaluating the integrability condition (3.4) on these basis elements using CAC, one finds 
a number of relations, including 

v ™ = v ™ = v u = 0. (6.6) 
This simplifies u 2 , and then the basis (r) a ) of the Killing spinors includes the elements 

{e 3 5,e45,ei235,ei4,ei3,e 2 3} • (6.7) 
Applying (3.4) to the above basis elements, one finds that 

x = ^fiu 1 , Wi = — u 1 , (6.8) 

ie if one assumes, for example, that x ^ Tiu 1 , then (3.4) implies that x = u 1 = 0, and 
similarly for wi = —u 1 . In addition, one obtains the conditions 

w 2 = ^fiv u , u 3 = v 13 = 0, u 2 = ±iv 12 . (6.9) 
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Next, applying (3.4) to the basis elements 

{e 24 , ei245 , e 3 4 ± ie 1U5 ,e 12 ± ie 25 , 1 - ei 234 ± i(e 15 - e 23 45 ) , 1 + ei 234 ± i (e 234 5 + e 15 ) } , (6.10) 
one finds that 

v 34 = u 1 = v 12 = . (6.11) 

Combining all the conditions implied by (3.4) on the components of v 2 together, one 
concludes that v 2 — 0. This in turn gives G = which is a contradiction. Thus there 
are no backgrounds with G ^ in the G 2 case which preserve 28 supersymmetries. 

6.2 Solutions with G = 

Consider first the case for which w 2 ^ in (6.4). By applying gauge transformations 
to vi, v 2 generated by B}Y _\ + B}Y _\ and -R 3 r_ 3 + i? 3 r_3, one can eliminate the e 345 
and the e U5 terms from v 2 . However, as these gauge transformations are not in G 2 , the 
form of v\ is not left invariant under their action. Nevertheless, the simplification to v 2 
produced assists the computation. After these transformations, the two normals become 

vi = ae 5 + /3ei 234 5 + Atei 35 + z/e 24 5 ± i(ei + e 234 ) 
v 2 = pe 5 + o-e 1234 5 - u 1 e 1 - u 2 e 2 - w 3 e 3 

- s 12 e 12Fj - s 13 ei 35 - s 23 e 235 - s 24 e 245 - u>ie 234 + w 2 ei 34 . (6.12) 

To proceed, since G = 0, the only integrability condition that remains to be satisfied 

is 

SVa = (\T 2 + = , (6.13) 

and it is given in detail in (4.23). Evaluating this integrability condition on the basis 
elements 

{e 35 , e 45 , ei 235 , e 23 , e 12 , w 2 e 1345 + u 2 e 25 , w 2 e 1245 - u 3 e 25 , w 2 e M + s 12 e 25 , 

w 2 e 14 + s 23 e 25 , w 2 (e 15 - e 2345 ) + (u 1 - Wi)e 25 , w 2 l ± i(3w 2 e 15 + (a =F ifiwi)e 2b , 

w 2 e 24 ± i/!U> 2 ei 5 + (-s 13 =F ^wi)e 25 , u> 2 ei 3 ± iuw 2 e 15 + (-s 24 =p iuw^e^} 

(6.14) 

one finds after some CAC that all components of T 2 and T 4 vanish. Therefore all these 
solutions are locally maximally supersymmetric. 

Next, consider the case for which w 2 = 0. Then by making a SU(2) rotation in the 
2, 3 directions, one can set, without loss of generality, u 3 = also. Suppose first that 
that u 2 7^ 0. By applying a gauge transformation generated by i? 1 r_i + to v\, 

u 2 , one can eliminate the ei 2 5 term from v 2 . Again the form of vi is altered, because 
this transformation is not in G 2 . Then apply a SU{2) rotation in the 3,4 directions to 
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eliminate the e245 term from v 2 . We therefore obtain 

v 1 = ae 5 + (3e 12U5 ± i(ei + e 23 4) 
^2 = pe 5 + <rei2345 - w^i - w 2 e 2 

- s 13 ei35 - s 14 ei45 - s 23 e 2 35 - s 34 e 3 45 - wie 23 4 • (6.15) 
To proceed, evaluate the Srj a = integrability condition on the basis elements 

r 2 13 2 14 

1^355 645, ei235 5 ^25, ^1245? ^34, 613, W 624 + $ ^1345, W 623 — S 61345 

2 2S 2 *34 2/ \ / 1 \ 

m ei4 - s ei345,wei 2 -s ei 345 ,M (e 234 5 - ei 5 ) + (it -u>i)ei 345 , 

u 2 l ± i/3u 2 e 15 + (-0- ± i/3wi)ei34 5 , } (6.16) 

to find that all components of T 2 and T 4 vanish. Thus again these solutions are locally 
maximally supersymmetric. 

Next consider the case for which w 2 = u 2 = u 3 = 0. One can then apply a SU(3) 
transformation to set, without loss of generality t> 13 = v 14 = 0, followed by a SU(2) 
transformation in the 3,4 directions to set v 2A = 0. After doing this, we have 

v\ = e 5 + ei2345 ± i(ei + e 23 4) 

u 2 = -x(e 5 - 612345) - u x e x - v 12 e 125 - v 23 e 235 - v 34 e M5 - Wie 2M . (6.17) 

Suppose that v 12 ^ 0. Then apply the integrability condition Si] a = to the basis 
elements 

{e35, e 4 5, ei235, ei 3 45, ei 2 45, e 2 4, e 2 3, e 13 , e 25 , v 12 e u - v 23 e 34 , v 12 e 12 - v 34 e 34 , 
^ 12 (e2345 - e 15 ) + {u 1 - tui)e 3 4, v 12 l ± iv 12 e 15 + (-x ± uui)e 34 } , (6.18) 

one finds that all components of T 2 and T 4 vanish, and so the solutions are again locally 
maximally supersymmetric. 

Finally, consider the case for which w 2 = u 2 = u 3 = v 13 = v 14 = v 24 = v 12 = 0. By 
making a SU(2) transformation in the 2,4 directions, one can also set, without loss of 
generality, v 23 = 0. In such a case, 

V\ = e 5 + ei2345 ± i( e i + e 234) 

v 2 = -x(e 5 - 612345) - u 1 e l - v 34 e 345 - u>ie 23 4 • (6.19) 

Next, note that for solutions preserving exactly N = 28 supersymmetries, there must be 
a basis (r) a ) for the Killing spinors which contains the elements 

{e35, e 4 5, ei235, ^1345, ei2 4 5, e2 4 , e23, 613, e 2 s, e 34 , eu, 

z x \ + z 2 e 12M + z 3 e 15 + 2 4 e 2 345 + z 5 e 12 } (6.20) 

where zi, z 2 , z 3 , z 4 do not all vanish. Note that this is clearly true if t> 34 7^ 0. In the 
special case for which t> 34 = 0, e 12 can be taken as a basis element, but for a N = 28 
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solution, two further basis elements must also be found, and such a solution therefore still 
has a basis containing the spinors in (6.20). On evaluating the integrability condition 
Sf] a — on these basis elements, one finds that all components of T 2 = T 4 = 0. Thus 
again these solutions are locally maximally supersymmetric. 

Therefore, we have shown that if one of the normals is G 2 -invariant, then all solutions 
with N = 28 supersymmetries are locally maximally supersymmetric. 

7 Discrete Quotients 

We have demonstrated that all iV = 28 supersymmetric IIB backgrounds are either 
locally isometric to that of [7] or to a maximally supersymmetric background. The pos- 
sibility remains that some N = 28 backgrounds can be constructed as discrete quotients 
of maximally supersymmetric ones. Here, we shall prove that all discrete quotients of 
maximally supersymmetric backgrounds preserve less than 28 supersymmetries, N < 28. 
So there are no N = 28 backgrounds which arise as discrete quotients of maximally su- 
persymmetric ones. To show this, we shall use the machinery developed in [18]. This 
has been applied both in M-theory [19] to prove that there are no N = 31 quotients of 
maximally supersymmetric backgrounds and in IIB supergravity [5] to demonstrate a 
similar result for backgrounds with N > 28 supersymmetries. 

7.1 Discrete quotients of Minkowski space 

This computation is similar to that we have performed in [5] to search for backgrounds 
with N > 28 supersymmetries, so we shall not give an extensive description of the anal- 
ysis. To find discrete quotients of Minkowski space which preserve 28 supersymmetries, 
one has to find an element a G 5*0(9, 1) such that its lift a G Spin(9, 1) preserves 28 
spinors, ie it acts as the identity on a 28-dimensional subspace of the Weyl representation 
A 16 of Spin(9, 1). Up to a conjugation, there are two choices for the lift a. One choice 
is that a can be written as 

a = exp[i(# r 5 + 0ir 16 + 9 2 r 27 + e 3 r 38 + ^r 48 ) + #] , (7.1) 

where the additional angle ip has been added because of the Spin c (9, 1) nature of spinors 
of IIB supergravity. Decomposing A 16 as 

Aie= Yl w °*~« (7-2) 

CT0,...,(T4=±1 

using the projectors TiT i+5 , i — 0, ... ,4, the lifted element can be written as 

a(a , ■ ■ ■ , cr 4 ) = exp[i(o- #o + i<J\Q\ + i<J 2 02 + «0,3#3 + ic^&t) + #] (7.3) 

where the chirality condition requires that 0o0i ... 04 = 1. 

For an element a to preserve 28 supersymmetries, it has to act as an identity on a 
28 dimensional subspace V of A 16 . In particular, there are some a , . . . , 04, such that 

0(00,01, ... ,04) = 1 . (7.4) 
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Taking the complex conjugate, one concludes that 6 = 0. So boosts do not preserve any 
supersymmetry as expected. Since 6q = 0, a is independent of &q. So in what follows 
we shall explicitly indicate the dependence of subspaces W and the map a on only the 
rest of the signs. 

To exclude the possibility that some spatial rotations preserve 28 supersymmetries, 
a must not act as the identity on two W ai _ ai subspaces. It is straightforward to observe 
that whatever the choice of non-invariant subspaces is, there is always a choice of signs 
such that 

a(cri, . . . , <r 4 ) = a(-(7i, . . . , -o- 4 ) = 1 . (7.5) 

This in particular implies that exp(2iip) = 1. Using this, one can show that if for some 
signs a(<Ji, . . . , <r 4 ) = 1, then a(ai, . . . , <r 4 ) = a(—a±, . . . , — <r 4 ) = 1. Therefore if the 
action on W ai .„ a4 is trivial, so is the action on the conjugate module W^_ CT1 ..._ CT4 . Thus in 
order to preserve precisely 28 supersymmetries, the two non-invariant subspaces should 
be chosen to be conjugate to each other. 

To proceed since all choices of the signs are symmetric, without loss of generality, 
assume that 

+1, +1, +1) = -1, -1, -1) # 1 . (7.6) 

To preserve precisely 28 supersymmetries, for all other choices of signs a must be the 
identity. In particular, 

+1, +1, +1) = -1, -1, +1) = 1 . (7.7) 

This implies that exp(2# 4 ) = 1. This gives 

exp(i0 4 )a(+l, +1, +1, -1) = d(l, 1, 1, 1) = 1 (7.8) 

which is a contradiction. Thus if one assumes that a 28-dimensional subspace of Ai6 is 
invariant under some a, then all A 16 is invariant and so all supersymmetry is preserved. 
There are no such quotients with preserve 28 supersymmetries. 
The another choice for a is to take 

a = ex P {^[(r + r 5 )r 9 + e x v 1% + e 2 r 27 + 9 3 r 38 }} . (7.9) 

Decomposing A 16 using the projector r 5, it is easy to see that such quotients preserve 
at most 16 supersymmetries. 

7.2 Discrete quotients of AdS 5 x S 5 

The isometry group of the AdS 5 x S* 5 background is 5*0(4, 2) x 50(6) . To find whether 
there is a discrete subgroup D of 50(4, 2) x 50(6) such that AdS^ x S 5 /D preserves 28 
supersymmetries, observe that the associated spin group 5pm(4, 2) x Spin(6) acts on 
Aie as A 5pm(4 2) x A~ pm(6) , where A" p . n(42) and A 5pm(6) are the chiral representations 
of 5pin(4, 2) and Spin(6), respectively. 
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It is a consequence of the tensor product structure of the representation of Spm(4, 2) x 
Spin(6) on Ai 6 that the real dimension of an invariant subspace V of a is 

dimV = 2nm , 1 < n, m < 4 . (7-10) 

Since 28 cannot be written as a product in this way, there are no discrete quotients of 
AdSf) x S 5 which preserve 28 supersymmetries. In fact this argument implies that the 
largest number of supersymmetries, less than maximal, which can be preserved by a 
discrete AdS 5 x S 5 quotient 3 is 24. 

7.3 Discrete quotients of Maximally supersymmetric plane wave 

To investigate the existence of discrete quotients of the maximally supersymmetric plane 
wave which preserve 28 supersymmetries, we shall follow closely the analysis in [5]. In 
particular, it has been shown that the invariance condition for a, ae = e, can be written 

as 

e A t- = e_ , 

e A ( e+ + r + /3e_) = e+, (7.11) 
where r + e + = is the usual light-cone projection. Moreover, one can show that 

. 4 

&(<7i, . . . , <7 4 )e_ = e A e_ = exp [- + iip]e- , cf^cf^a = -1 , (7.12) 

i=\ 

and 

. 4 

e A e + = exp [ — 2i\v~a 1 o- 2 + - <Ji6i + e + , a 1 a 2 cr 3 o- i = 1 . (7-13) 

1=1 

In particular, the part of A that depends on v~ acts with the identity on e_. Decomposing 
= V_ © V + using the lightcone projection, it has been shown in [5] that there is no 
quotient which preserves more than 28 supersymmetries. 

To extended the above result to the iV = 28 case, there are two possibilities. Either 
the discrete group action leaves invariant a 6-dimensional subspace in V- and acts as 
the identity on V + or vice versa. Consider first the former possibility. As has already 
been indicated in (7.12) and (7.13), we have decomposed both V_ and V + into eight 
1-dimensional complex subspaces W ai ___ a4 and Z CT1 CT4 , respectively, labeled by the eight 
independent choices of signs a. It is easy to see that whatever the choice of the 6- 
dimensional invariant subspace of V_ is, one can show that e 2 *^ = 1. Using this, one 
can also show that if a subspace W ai .„ a4 is invariant so is the subspace W &1 ___^ A with 
<jj = — <7j. Thus for e A to preserve precisely a 6-dimensional subspace of V-, the non- 
invariant 2-dimensional complex subspace of V- must be as W ai ,„ a4 © W^...^ for some 
choice of <Tj. Since the choice of signs is symmetric, without loss of generality, one can 

3 Thc addition of the angle tp due to the Spin c nature of IIB spinors does not affect this argument. 
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choose © W-i-i-i i+ i as the non-invariant subspace. Solving the condition 

e A = 1 for the remaining choices of signs, one finds that 

6 1 = 9, 9 2 = 9 + 2nn 2 , 9 3 = 9 + 2nn 3 , 9 4 = -9 + 2nn 4 , (7.14) 

and 

7r(n 2 + n 3 + n 4 ) + tp G 27rZ , n 2 ,n 3 ,n 4 GZ, (7.15) 

where 6 1 is an arbitrary angle and ip = nil, n G Z. So there are transformations which 
preserve a six dimensional subspace / of V-. 

To preserve precisely 28 supersymmetries, all V + must be invariant under the action 
of the discrete group. For this it is necessary that I C Ker /3 and that e A acts as the 
identity on V+. It is always possible to choose the group action to satisfy the first 
condition. So let as focus on the second. In particular, the invariance of the subspaces 
Z+1,+1,+1,+1 and Z_i _i _i _i imply that 

e -2i\v~+ie _ e -2i\v~-i0 _ j ^ 

This in turn gives 

2Xv ~ = n 7r , 6 1 = ni7r , no + rai G 2Z , no, ni G Z . (7-17) 

However now notice that for this choice of 9, and so are also 

invariant, ie all V_ is preserved. In such a case, the only option for preserving 28 super- 
symmetries is that dim^Ker/3 = 6. However, it is easy to see that the dimension of the 
kernel of /3 is either 4 or 8. So such quotients cannot preserve strictly 28 supersymmetries. 

Next suppose that the discrete symmetry preserves all V-. In such a case, the angles 
9i are given as in (7.14) and (7.15), and 9 = riiii, rt\ G Z. For the quotient to preserve 
precisely 28 supersymmetries, one should choose the discrete subgroup that dim^Ker/3 = 
8. As we have already mentioned there is always such a choice. We require that e A leaves 
invariant a complex 6-dimensional subspace of V+. In particular, note that 

4 

exp^^J =1 (7.18) 

i=i 

where 0"i<720"3<74 = 1, and 0, are constrained as above. It follows that if Z ai ^ 2 ^. Ata4 is 
an invariant subspace, then so is Z_ ai _ a2 _ a3 _ a4 . Thus for e A to preserve precisely a 
6-dimensional subspace of V + , the non- invariant 2-dimensional complex subspace of V + 
must be as Z ai _ Ci @ Z- ai ...- ai for some choice of <7j. Since all choices are symmetric, take 
as the non-invariant subspace Z + i j+ i j+ i j+ i © Z-i-\-i--\_. Requiring that e A leave invari- 
ant the 6-dimensional subspace complementary to Z + i j+ i j+ i j+ i®Z-i-i-i-i imposes the 
condition 



-2i\v +inni 



= 1 . (7.19) 



However, this condition also implies that Z + i )+ i j+ i j+ i is an invariant subspace, and so 
all V + is invariant. Thus all the supersymmetry is preserved, and there are no quotients 
that preserve strictly 28 supersymmetries. 
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8 Strings in the plane wave background 



8.1 Geometry of plane wave 

As we have already mentioned, the plane wave solution (5.21) is the superposition of 
two other plane wave solutions, those of the maximally supersymmetric plane wave of 
[3] and the heterotic plane wave preserving 14 supersymmetries 4 . These two solutions 
are also recovered in the limits of (5.21) for which the parameters (£, h) vanish. 

We have shown that (5.21) is a Lorentzian symmetric space and the form fluxes 
are parallel. In fact the spacetime is a Lorentzian Lie group because the wave profile 
is negative definite. The isometries of the metric are precisely those of the maximally 
supersymmetric plane wave which have been investigated in [3] . In particular, the algebra 
of Killing vector fields is so (8) x f)(8), where f)(8) is the Heisenberg Lie algebra extended 
by an outer u(l) automorphism which rotates the 8 positions to the 8 momenta and 
commutes with the central element. However the fluxes are not invariant under the 
whole group of isometries. The 5-form flux, as is well known, breaks this group to 
(so(4) ©so(4)) x f)(8). The additional 3-form flux of (5.21) breaks the isometry group 
further to (u(2) © u(2)) k [)(8) which is the symmetry group of the background. The 
u(2) © u(2) is identified as the subalgebra of so(4) ©so(4) which in addition preserves a 
complex structure on the transverse directions to the lightcone. Moreover observe that in 
the limit that the 5-form flux vanishes, the symmetry group of the background enhances 
to u(4) x f)(8). 

8.2 String propagation 

The worldvolume dynamics of a string in the (5.21) background is described by a Green- 
Schwarz action. To quantize string theory, one has to gauge fix the kappa symmetry 
and rewrite the theory in terms of worldvolume fermions. In this case, this procedure is 
considerably simplified because the background is a plane wave and it admits a natural 
lightcone gauge. In particular, the resulting action is always quadratic in the worldvol- 
ume fermions [21]. We shall not carry out this procedure in detail. Instead, we shall use 
the close relation that this theory has with the maximally supersymmetric plane wave 
and argue that the bosonic part of the string action is that of a string on a plane wave 
group manifold 

ds 2 = 2dudv - (£ 2 + 4h 2 )x 2 du 2 + dx 2 , 
G = -2£duAu, u = (dx 1 A dx 6 + dx 2 A dx 7 + dx 3 A dx 8 + dx 4 A dx 9 ) (8.1) 

where we re-scale £ to £j\p2. (The normalization of the fluxes is consistent with that of 
[22].) In particular, the 5-form flux does not contribute in the bosonic part of the action 
apart from the h 2 contribution in the metric. However it is expected to contribute in 
the fermion couplings. 

The quantization of strings on a (8.1) background is a special case of the models 
investigated in [22], see also eg [23, 24, 25]. Here we shall carry out some of the steps in 

4 See [13] and [20] for a general discussion of heterotic solutions with more than 8 supersymmetries. 
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the analysis of [22] to identify the lightcone string Hamiltonian. We shall show that this 
Hamiltonian is a linear superposition of infinite many Harmonic oscillator Hamiltonians. 
To find the frequencies of these Harmonic oscillators, we first use a frequency based 
ansatz to solve the classical string equations. In particular, one finds that the classical 
frequencies Hi satisfy the equation 

det ((to 2 - i 2 - Ah 2 - 4n 2 )<^- - Ainlu i3 ) = , n E Z (8.2) 

which gives 

[(a) 2 - f - Ah 2 - An 2 ) 2 - 16n 2 i 2 } 4 = . (8.3) 
The center of mass mode, n — 0, has a single frequency 

(u>(°)) 2 = e + Ah 2 . (8.4) 

For the other modes one has 

(4 n) ) 2 = ±An£ + £ 2 + Ah 2 + An 2 . (8.5) 

Observe that all frequency squares are positive for h > 0. 

It has been shown in [22] that the classical frequencies of the string after quantization 
are identified with the quantum frequencies of the lightcone string Hamiltonian. More- 
over uj±^ = ui^ ^ and so the n and — n modes pair. The lightcone Hamiltonian of the 
string can be written as 

H = J2 H(n) ( 8 - 6 ) 

n>0 

where H ^ is the sum of appropriate Harmonic oscillator Hamiltonians. In particular, 
one finds that 

#(°) = ;[>( )(A/} + i), ^- = aja,-, (8.7) 

3=1 

and 

8 8 

H (n) = ^4«) (j V + W + l ) +^fi>i B) (^ B) + \) , A4j n) = a ± H] a ± f } . (8.8) 

i=l " j=l 

The operators aj, a±( n )j and a,, j are creation and annihilation operators, respec- 
tively, canonically normalized as those of a Harmonic oscillator. So we have shown 
that the center of mass Hamiltonian comprises of 8 Harmonic oscillators with the same 
frequency and each oscillator mode n > comprises of 8 Harmonic oscillators with 
frequency ui^ and 8 Harmonic oscillators with frequency ui^\ 
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9 Outlook 



We have shown that the IIB supersymmetric backgrounds with strictly 28 supersymme- 
tries are locally isometric to the solution of [7] . Combining this with the classification of 
the maximally supersymmetric backgrounds of IIB supergravity in [1] and the results of 
[4, 5] gives a classification of all supersymmetric backgrounds of IIB supergravity with 
more than 27 supersymmetries, N > 27. The conjecture of [26] is consistent with our 
result. Moreover, we have demonstrated that IIB backgrounds with only 5- form flux 
that admit more than 26 supersymmetries, N > 26, are maximally supersymmetric. 

It is not known whether there are IIB solutions which preserve 25, 26 or 27 super- 
symmetries. However, it is known that there is a plane wave solution which preserves 
24 supersymmetries [7]. This is again a superposition of the maximally supersymmet- 
ric plane wave with a plane wave solution of the heterotic string which preserves 12 
supersymmetries. Since there is a unique heterotic solution which preserves 12 super- 
symmetries and there are no solutions which preserve 13 supersymmetries, it is tempting 
to propose that the IIB iV = 24 solution is unique and there are no IIB solutions with 
25, 26 and 27 supersymmetries. However, there is no firm evidence for this apart from 
the analogy with the plane-wave solutions of the heterotic string. 

Acknowledgements U.G. is supported by the Swedish Research Council. J.G. is 
supported by the EPSRC grant, EP/F069774/1. CP. is partially supported by EP- 
SRC grant, EP/F069774/1, the STFC rolling grant, PP/C5071745/1, and the EU grant 
MRTN-2004-512194. 

Appendix A The normals to the Killing spinors 

A.l 577(4) x m 8 

A. 1.1 Second normal 

A representative for the first SU (4) x M 8 -invariant normal spinor [4, 5] is 

v\ = -pe 5 - gei2345 , (A.l) 

where \p\ ^ \q\. The infinitesimal generators of the SU(A) x R 8 isotropy group are 

L a ?T a0 , R a T_ a + i?°r_ a , a, = 1,2, 3, 4, (A.2) 

where L e su(4), ie L a ~^5 aB = 0, and R a = 

A basis in the anti-chiral Spin(9, 1) representation A^ 6 can be chosen as 

65 , 612345 , (A.3) 
A^ 6 is decomposed under SU(A) as 16 = 1 © 1 © 4 © 4 © 6. To find a representative for 
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the second normal, consider the following formulae, 

(i? Q r_ Q + R a T_a)e^ = 2R a e a ^ 5 + 2i? M e 5 , 
(i? Q r_ a + i? c T_a)e^ 5 = 0, 

and 

L ^r a ^M e p M = -2L\e p ^ep M . (A.5) 

It is also useful to consider the gauge transformations generated by T + _ and i5 al3 T a p 
which act on spinors as 



e /ir + _+i/ 2 ^r aj5es 




e / ir+ _ +i/2 ^r a , ei2345 


= e- /l+4i/2 e 123 45 


e /ir + _+i/ 2 ^r aj5e 




e / ir+ _ + i/ 2 ^r a , e ^ 5 




/ir + _+i/ 2 i«*r» 


- P /i+2i/2 p 



(A.6) 



Although these transformations do not leave e$ and 612345 invariant, they do leave the 
plane spanned of e$ and 612345 invariant. So they are generators of the £ group [20]. 
Now suppose that 

v 2 = -Xe 5 - Ye l23A5 - u a e a - \v afi e a ^ - \w a e a ^^e PM , (A.7) 

is the second normal spinor. 

Using a £77(4) transformation, we can without loss of generality set w 2 = W3 = W4 = 
0, with W\ = w. The isotropy group is 577(3). By applying a S77(3) transformation in 
the 2, 3, 4 directions, one can without loss of generality also set u 3 = u 4 = 0. So we have 

v 2 = -Xe 5 - Fei2345 - u l e x - u 2 e 2 - ^v al3 e a p b - we 2M • (A. 8) 

Next apply a M 8 gauge transformation generated by R a T_ a + R a T_ a , which maps 
^2 -> v' 2 = ( - X - 2R1U 1 - 2R 2 u 2 )e 5 + ( - Y — 2wR 1 )ei 2U5 - u 1 e l - u 2 e 2 - we 2U 

+ ( - v lp + 2u 1 R p - 2u p R 1 )e lp5 + ( - \v PlP2 + 2u [n R P2] - we qpiP2 R q )e piP25 , 

(A.9) 

for p, q — 2, 3, 4. 
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First consider the case for which |m 1 | 2 + |m 2 | 2 ^ 0. Then one can choose R},R 2 , R 3 , R 4 
in order to eliminate the e$ and ei P 5 terms (p = 2, 3, 4), giving 

v-i = -yei2345 - u 1 e 1 - u 2 e 2 - we 234 - ^(v') PlP2 e piP25 . (A. 10) 

In addition by applying a SU (2) transformation in the 3, 4 directions, one can remove 
the e 2 45 term, to leave 

^2 = -yei2345 - u^ei - u 2 e 2 - we 2 34 - c 3 e 23 5 - c 4 e 34 5 • (A. 11) 

Next consider the case for which u 1 = u 2 = 0. In this case applying the M 8 transfor- 
mation gives 

v' 2 = -Xe 5 +(-Y-2wR 1 )e 12U5 -we 23A -v lp e lp5 +(~v p ^-we qp i p ^ . (A.12) 

If w ^ 0, then one can choose R 1 , R 2 , R 3 , R 4 in order to eliminate the 612345, 6235, e245, 6345 
terms, giving 

v 2 = -Xe 5 - we 234 - v lp ei p5 . (A. 13) 

Then, applying a SU(3) transformation in the 2,3,4 directions, the e± 25 and ei 35 terms 
can also be removed to give 

v 2 = -xe 5 - we 23i - c 3 ei4 5 . (A. 14) 

However, note that this (A. 14) is gauge equivalent to a special case of (A. 11). The gauge 
transformation used to relate the two v 2 is T 12 34 = e2* ri2+r34 ' (here the indices are in 
the real basis). Furthermore, this gauge transformation also preserves the span of e$ and 
ei2345- Hence we can discard the case when w^O. 

The remaining case therefore has u 1 = u 2 = w = 0. Then 

v 2 = -Xe 5 - Ye 12U5 - ^ a/3 e Q/35 . (A. 15) 

By applying a S , f/(4) transformation, as set out in Appendix A of [9], one can work in 
a gauge for which 

v 2 = -rre 5 - yei 2 345 - cie 14 5 - c 2 e 235 . (A. 16) 

A. 1.2 Null planes 

We have already demonstrated above how to choose the two normal spinors (y\, v 2 ) up 
to SU (4) ix R 8 transformations. The choice of the second spinor can be simplified further. 
For this, observe that if a direction in the space of the two normals (z/ 1; u 2 ) is associated 
with a time-like vector bilinear, then the corresponding background is a special case of 
those that will be investigated in section 6. Hence, it suffices to consider only those 
SU(4) X M 8 cases for which all linear combinations of the two normals v\ and v 2 are 
associated with null 1-form bilinears. 

As we have shown above, there are two choices for the second normal given by 

v 2 = -yei2345 - u 1 e 1 - u 2 e 2 - we 234 - c 3 e 235 - c A e 3Ab , (A. 17) 
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with Iw 1 ! 2 + |w 2 | 2 ^ 0, and 

v 2 = -xe 5 - yei2345 - cieus - c 2 e 23 5 • (A. 18) 

For i/ 2 given in (A. 17), to impose the condition that the 1-form bilinear 

k m = B(u 2 + ku 1 ,T M C(u 2 + k^)*) (A.19) 

is null for all k, we first compute k 2 for k = to find 

K 2 = -4((|^| 2 + \u 2 \ 2 )(\y\ 2 + |c 4 | 2 ) + |c 3 | VI 2 ) • (A.20) 

This vanishes provided we take y = c 4 = 0, and either c 3 = or u 1 = 0. 

If c 3 = c 4 = y = then the norm of k, when k — 1, is given by — 4|-u 2 | 2 |g| 2 — 4|wp + 
■u 1 ^ 2 . Then, either g = or w = 0, and one can make a SU(A) gauge transformation to 
set 

v\ = e 5 , z/ 2 = ce 1 (A. 21) 

for c 7^ 0, or g 7^ 0, u 2 = 0, w 1 7^ and + u^q = 0. Thus one finds 

^2 = -yei2345 - m^i - we 234 . (A. 22) 

Note that in this case, w^0. 

If, however, c 4 = y = u 1 = 0, then the norm of n, when k — 1, is given by — 4|-u 2 | 2 |g| 2 — 
4|w| 2 |p| 2 . Requiring this to vanish forces g = w = and so 

z/ 2 = -w 2 e 2 - c 3 e 235 . (A. 23) 

However, this normal is gauge equivalent to z/ 2 = ce\ under an appropriately chosen 
SU(4) K R 8 gauge transformation. 

Hence, requiring that all linear combinations of v\ } v 2 generate null 1-forms reduces 
(A. 17) to two simpler sub-cases, with either 

vi = e 5 , ^2 = ce 1 (c ^ 0) (A.24) 

or 

vi = -pe 5 - gei 2345 , ^2 = -2/ei 2345 - u l e x - we 234 , (A. 25) 

with wp + u 1 ^ = and non-vanishing p, w, q, u 1 . 

It should be noted that for the case of v 2 given in (A. 18), all linear combinations of 
v\,v 2 automatically generate null 1-forms, with no additional constraints on the coeffi- 
cients in the normals. 

A. 2 Spin(7) x R 8 

The Spin(7) x R 8 case is a special case of the 577(4) k R 8 one. An inspection of section 
4 for G 7^ reveals that, for all cases that Spin{7) ix R 8 arises as a special case of 
S77(4) k R 8 , the normal spinors of the former can be chosen as 

v\ = e 5 + ei 2345 , v 2 = x(e 5 - ei 2345 ) + c(e 145 + e 235 ) , (A. 26) 
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where x, c are complex functions. The choice of normals can be further simplified. For 
this, choose a basis in the space of Killing spinors normal to (vi, z/ 2 ) as 

(Va) — { e 15, ^25, 635, 645, 61235, e 1345, ^2345, 612, ei 3 , e24, (A. 27) 

e 3 4, e 2 3 - ei4, c(l - e 123 4) - ^(e 2 3 + e u )} . 

Substituting this into the integrability condition (3.4), one finds that xc* is a real valued 
function. Hence, without loss of generality, we can set 

^2 = e lf? (pi(e 5 - e^s) + pii&iAh + e 2 3s)) , (A. 28) 

where 9, pi, p2 are real functions. Using the gauge transformation e^ ri4+r23 \ where the 
gamma matrices are in the real basis and so is real, one can set p2 = 0. Therefore, the 
two normal spinors can be chosen as 

v\ = e 5 + ei2345, ^2 = c(e 5 - 612345), (c^O) . (A. 29) 

Appendix B Gravitino Integrability condition 

The integrability condition of the KSE is 

[V N , V M ]e = n NM e = 2Se - 2TCe* (B. 1) 

where 

1 i 

S = ~RnM LiL2 Tl 1 L 2 + ^r Ll "' L4 ^[jv^M]Li...L 4 

+Y^- TLlL2F m^ QlQ2Q3 F\M ]L2 Q lQ2 Q, + \r Ll - Li F NML Q^F L2L3LAQlQ , 

+ ^ T[n l 1 l 2 l 3Fm]l q 1 q 2 q 3Fl ^ q2Q3) 

11 1 

+^(-2 G I nLiL2G m]l 1 l 2 + ^ t nmG lL2L3 G* LlL2Ls 

~ 1 T {N LlG M] L2L3 G* LlL2L[i + -^[n\ Q Gq LiL2 G* m]LiL2 

+ Yq TLiL2GnmLzG * l ^ l 3 ~ rLlL2G [N\L 1 Q G* M ] L2 Q 

3 1 

_ j^F^^GiiL^G^MQ + y^^nm LiL2 Gl 1 QiQ ' 2 G* L2 q 1 q 2 

- -^ Ll "' Li GL 1 L 2 L i G* NMLi + -^[N\ LlL2L3 G L ± L 2 Q 'G* M ] Ls q 
+ 1 TLl '" L4G [N\L 1 L 2 G* M]LaL4 + Yq^ L1 L4Gnml i G ^L 2 L 3 L4 

+ -^[n^^G^l^G^^q + -^\N\ Ll "' L5 G\ M ^ LlL , 2 G* L3LiL5 

~ '^ T \- N \ Ll "' L5GL ^ L ^ L 'i Gi \M}L A Lr J ~ -^ T NM Ll "' L4 G Ll L 2 Q G k L . liLi Q 

~ 288 1 nmLi '' L6Gl i l * l z G * l * l s l ^ ' ^ B - 2 ) 
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and 



T = -^(T [N LlL2L3 D M] G LlL2L3 +9T L ^D [N G M]LlL2 ) 

+^(\f nm l ^G LiL2L3 + T L ^F [N{LlL2 ^G lM]QlQ2 

+ 7^[N Q FM}Q LlL2L ' i GL 1 L 2 L A ~ -T Ll - L4 F N ML^L^ 'G L 3 L 4 Q 

+ \t[n LiL2Lz f m]LiL2 ^g L3QiQ2 + \t l ^f Li ... l Qg nmq 

- ^[N\ LlL2Ls F LlL2L3 Q ^G lM]QlQ2 ) . (B.3) 



Appendix C Integrability condition 

In this appendix, we shall solve the integrability condition (5.7) 

(f NM ) LlL2L3L4 T L ^ L ^ Va = , (C.l) 

for (77 a ) given in (5.3) to show that VF = 0, where 

(Tnm) L1L2L3L4 — D[ N F M ] LlL2L;jL4 . (C.2) 

A straightforward but tedious calculation implies that all components of T are con- 
strained to vanish, except for (f NM ) aia2a3a4 and (f NM ) +aict2Ct3 (and their complex con- 
jugates) where a, (3 denote holomorphic indices in the standard holomorphic light-cone 
basis. In fact, these components also vanish. To see this, we make use of the conditions 
(4.29) on T 4 . These imply in particular that 

(Timn)l 1 l 2 L3L4] — , (C3) 

(Tl 1 (m)n)l 2 l 3 l 4 — (T[l 1 \(m)n)\l 2 l 3 l 4 ] > (C-4) 

and 

(Tm[Ni) N2N3N4N5] = — ^N 1 N 2 N 3 N 4 ,N 5 MlM2MiM4M5 (T M [ M J M2M3MiM5 j . (C5) 

Furthermore, as F = e + A $, and ce + is covariantly constant, it follows that 

where N and the other similar indices take all values except for " + " . This last property 
implies that 

(^M[/5)mi^2M3M4] = • (C-7) 
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The self-duality of f on the anti-symmetrized indices implies 

(^M[+)-AiA 2 A 3 ] = (C.8) 

and hence 

(Tm_W 2 a 3 = (C.9) 
for M — a, a. Next, observe that (C.4) implies that 

(2+o) +010:20:3 0? (-^H — )+aia2«3 ^ (CIO) 

on symmetrizing on a, cti and — , a.\ respectively. Furthermore, (C.4) also implies that 

(Ta^)+ ai a 2 a 3 = (CH) 

on symmetrizing appropriately in a, aii, j3, a 2 . In addition, the self-duality condition 
(C.5) implies that 

(^M[+)oi020 3 04] = • (C-12) 
On setting M = + in (C.12) one finds 

(^+[01) 1+1020304] — • (C.13) 

However, (C.4) implies that (T +ai ) +OC2a3ai is totally antisymmetric in a±, a 2 , a 3 , a 4 , and 
hence 

(2+0J+020304 — • (C-14) 
On setting M = (3 in (C.12), one finds the condition 

(?>+) | + |o2Q:3«4] U • 

(C.15) 

However, (C.4) implies that (Tp ai ) +a2a30l4 is totally antisymmetric in a±, a 2 , «3, «4, and 
furthermore that 

(7>+) 01020:30:4 (-^/3ai ) +020304 • 

(C.16) 

It follows that 

(^/3+)oi020 3 o 4 = (^/9oi) +020304 = • (C-17) 

On setting M = a in (C.12), and noting that for a non-zero expression one can take 
without loss of generality a±, a 2 , «3, «4 to be distinct, with a — a±, it is straightforward 
to show that 

(^a+)oi020 3 04 j (C.18) 

where (C.4) has also been used. Next, consider (T^a^+p^p^, without loss of generality 
one can take a.\ = Pi, then on using (C.4) to symmetrize on the +, a 2 indices, one finds 

(^o 1 o 2 )+ / 3i / g 2 /33 = • (C.19) 
Hence, we have shown (Tmat)+oio 2 o 2 = f° r an M,N. 
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To proceed, note that (C.6) implies that 

(T aia2 ) fafofafa = 0, \T a p) fafofofa — 0) (^aia 2 )/3l/32/3 3 /34 = 0? (C.20) 

(T-aJPi.fofoPi = 0, {T-a) frfofofa = , 

and on setting M = — in (C.12) one also finds 

(T- + W 2 /3 3 /34 • (C21) 

Hence (f MN ) aia2a3ai = for all M,N; so T = 0. In turn, this and the Bianchi 
identity for F imply that VF = as in the case of the maximally supersymmetric 
backgrounds in [1]. 
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